and magnetization M of Ising models on square and triangular lattices, using the exact enumeration method for small systems and the Wang-Landau method for larger systems. From the density of states the average magnetization per spin, m(T, h), of the antiferromagnets has been obtained for any values of temperature T and uniform magnetic field h. Also, based on g(M, E), the behaviour of m(T, h) is understood microcanonically. The microcanonical approach reveals the differences between the unfrustrated model (on the square lattice) and the frustrated one (on the triangular lattice).
Since the Onsager solution [1] of the square-lattice Ising model in the absence of a magnetic field, the Ising model has played a central role in our understanding of phase transitions and critical phenomena. However, the Ising model in a nonzero magnetic field (except for the one-dimensional case) has been one of the most intriguing and outstanding unsolved problems in the study of phase transitions. The phase transitions of the ferromagnets occurs only with no magnetic field [2, 3] , whereas the phase transitions of the antiferromagnets can occur even in a nonzero magnetic field [4] - [9] . Therefore, to understand the important properties of antiferromagnets, Ising-type antiferromagets (the simplest antiferromagnets) in a uniform magnetic field have been studied for several decades (with few successes) [6]- [9] .
In 1960, Fisher [4] introduced a solvable toy model with non-magnetic spins (whose magnetic moment is zero) on the square-lattice sites and magnetic spins on the bonds where magnetic (or non-magnetic) spins do not interact with each other, and the vertical (horizontal) interactions between magnetic spins and non-magnetic spins are ferromagnetic (antiferromagnetic). The exact solution of the square-lattice Fisher model is known because this simple model in a uniform magnetic field is transformed into the Onsager solution of the square-lattice Ising model in the absence of a magnetic field. The solvable kagome-lattice Fisher model was also studied in 2005 [5] . However, the properties of Ising antiferromagnets in a nonzero magnetic field are not known except in few cases, such as the critical line (the critical temperature as a function of a magnetic field) for square lattice [7, 8] . In the case of a triangular-lattice Ising antiferromagnet, it has been a very difficult task to understand the critical-line property, especially near zero temperature in a small magnetic field h [10] - [12] . Only in a recent study [9] , have Qian et al shown that a renormalization-mapping method is successful in understanding the critical-line properties of a triangular-lattice Ising antiferromagnet near zero temperature in a magnetic field.
Furthermore, the properties of thermodynamic functions such as average magnetization as a function of temperature and magnetic field have been little known for Ising antiferromagnets in a uniform magnetic field. Recently, microcanonical approaches have been widely used to understand phase transformations in small systems such as nanosystems, atomic clusters, nuclear systems, biological systems, and astrophysical objects [13] . These approaches are mainly based on the density of states g(E) as a function of energy E only. However, the more general microcanonical approaches based on the density of states g(M, E) as a function of both energy E and magnetization M have not been studied well. In this paper, we develop the microcanonical approach based on g(M, E) and apply this method for understanding the behaviour of the average magnetization m(T, h) of Ising antiferromagnets in a uniform magnetic field.
In this study, we deal with a square-lattice Ising antiferromagnet (representing unfrustrated system) and a triangular-lattice Ising antiferromagnet (representing frustrated system). The Hamiltonian H of the Ising model in a uniform magnetic field H is H = −JE −HM for the system size N = L 2 . Here E = i,j σ i σ j is the exchange energy, M = N i=1 σ i the total magnetization, J the coupling constant (J > 0 for ferromagnets and J < 0 for antiferromagnets), i, j denotes distinct pairs of nearest-neighbour sites, and σ i = ±1. The partition function of the system is given by where
is the density of states, and a = e J/k B T . The average of a physical quantity A is
We have evaluated the exact integer values for g(M, E) of Ising models on L × L square lattices (up to L = 10) and triangular ones (up to L = 9) with periodic boundary conditions by using the microcanonical transfer matrix [3, 8, 14] 5 . For bigger lattices (we tested up to L = 32 for square lattices and L = 30 for triangular ones), we obtain g(M, E) by implementing the Wang-Landau algorithm [15] 6 . As a test, we calculated m(T, h) by the Wang-Landau algorithm for 10 × 10 square and 9 × 9 triangular lattices; it was noticed that they agree well with m(T, h) from the exact results, indicating that the Wang-Landau algorithm works well. Figure 1 shows the microcanonical entropy [13] The overall behaviour of m(T, h) on the square lattice in figure 2 is similar to that of the solvable toy models, Fisher models [4, 5] 7 . However, the overall behaviour of m(T, h) on the triangular lattice in the figure is quite different from that of the Fisher models. When h = 0, the magnetization for all temperature is zero for both lattices. The critical magnetic fields are h c = 4 for the square lattice and h c = 6 for the triangular lattice [11, 16] , where flipping spins not neighbouring one another does not change E tot . In the case of h > h c , as T decreases, m(T, h) increases monotonically to 1. When h = h c , the magnetization at T = 0 goes to a nontrivial value of the critical magnetization m c ≡ m(0, h c ). For the unfrustrated (square lattice) system ( figure 2(a) ), when 0 < h < h c , m(T, h) increases 7 Also, the overall behaviour of the critical line for a square-lattice Ising antiferromagnet [7, 8] is similar to that of the Fisher models [4, 5] . to a maximum and decreases rapidly to 0 as T decreases. Therefore m(T, 0 < h < h c ) becomes 0 at both zero and infinite temperatures. m(∞, h) = 0 comes from random spin orientations but m(0, h) = 0 from AF order. For the frustrated (triangular lattice) system (figure 2(b)), more complex behaviour is observed when 0 < h < h c . For 3 < h < h c , the behaviour of m(T, h) is similar to that of the unfrustrated system except for m(0, h) = 1/3, due to frustration. For 0 < h < 3, m(T, h) increases monotonically to 1/3 as T decreases, and in particular, it increases rapidly at lower temperatures for small h. Figure 3 shows the top views of S(M, E), which we call ME diagrams. As shown in figure 3 , the ME diagram has three vertices for the square lattice and four vertices for the triangular lattice. In the diagram, the top right (left) vertices correspond to the state of all spins up (down). In figure 3 (a) the bottom vertex corresponds to the unfrustrated AF ground states. The bottom line in figure 3 figure 3(b) [18] .
Now, we investigate the relation of the average magnetization to the microcanonical entropy S(M, E), that is, the density of states g(M, E).
From the ME diagram (figure 3), we can understand the properties of magnetization m(T, h) of the AF Ising model in a magnetic field (figure 2). At T = 0 (a = 0), from equation (2) the average magnetization per site becomes
Here, N = L 2 is the system size. The summation is over all (M, E) pairs satisfying E From the canonical probability g(M, E)a Etot /Z for a given value of h, heuristically it is easily inferred that the g(M, E) s of (M, E) pairs satisfying E = hM + E tot , for E min tot < E tot < 0, will determine m(T, h) for T > 0. The change of the y-intercept E tot from E min tot to 0 for T > 0 is the parallel translation of the line E = hM +E min tot at a given value of h. On a single line E = hM +E tot with the slope h and a given intercept E tot , we can find the unique point (M 0 , E 0 ) with the maximum entropy S(M 0 , E 0 ), which we call the maximum point for short. For a given value of h, the magnetization behaviour of the AF Ising model is determined mainly by the maximum points. The maximum trajectory is made from the maximum points by varying E tot for the given value of h. Figure 4 shows the maximum trajectories for different values of h. The behaviours of these trajectories are the microcanonical origin of the canonical magnetization behaviours in figure 2 . For a given magnetic field we can understand the properties of the magnetization following the trajectory of the maximum points. As an example, for the triangular h = 4 case, by following the maximum trajectory and observing the change of M divided by N in the ME diagram we can understand the magnetization behaviour that the magnetization increases up to a certain point and decreases to m = 1/3 as temperature decreases to zero.
In this work, with both the exact enumeration method for small systems and the Wang-Landau method for larger systems, the density of states g(M, E) for energy E and magnetization M of the Ising models on square and triangular lattices has been evaluated. Using the density of states, we obtain the canonical magnetization per spin Given h, there is a family of lines E = hM + E tot on the ME diagram whose intercept E tot changes from E min tot to 0. Each line E = hM + E tot with slope h and intercept E tot has a maximum point (M 0 , E 0 ) where the entropy is the maximum on the line. The maximum trajectory is made from the maximum points by varying E tot for the given value of h. of the Ising antiferromagnets on square and triangular lattices in a uniform magnetic field at any values of temperature. Also, the microcanonical properties of the average magnetization are understood based on the density of states (the so-called ME diagram). The microcanonical approach reveals the differences between the unfrustrated model (on the square lattice) and the frustrated one (on the triangular lattice).
In addition, we should note that our microcanonical approach for the average magnetization property is general enough to be applicable to other thermodynamic quantities of any spin lattice system in a magnetic field. 
